Transcendental holomorphic Morse inequalities aim at characterizing the positivity of transcendental cohomology classes of type (1, 1). In this paper, we prove a weak transcendental holomorphic Morse inequality on compact Kähler manifolds and improve a result of S. Boucksom, J. P. Demailly, M. Paun and T. Peternell in [BDPP13] . Moreover, for general k, we give a criterion of the positivity of some transcendental cohomology classes of type (k, k).
Introduction
There are many beautiful results on the holomorphic Morse inequalities for rational cohomology classes of type (1, 1). However, if the cohomology class is not rational, which we also call transcendental class, it's hard to prove the associated holomorphic Morse inequalities. In the paper [BDPP13] , the authors proposed the following conjecture on transcendental holomorphic Morse inequalities. (ii) Let {α} and {β} be nef cohomology classes of type (1, 1) on X satisfying the inequality α n − nα n−1 · β > 0. Then {α − β} contains a Kähler current and V ol({α − β}) ≥ α n − nα n−1 · β.
First let's recall some definitions on the positivity of (1, 1)-forms. Fix a hemitian metric ω on X, a cohomology class {α} ∈ H BC (X, R) contains a Kähler current, we call {α} a big class. For any pseudo-effective class {α}, we can define its volume V ol({α}) := sup T X\sing(T ) T n where T ranges all the positive currents in {α}. Moreover, for holomorphic line bundles L, the above definition of volume coincides with its volume in algebraic geometry, i.e., V ol(L) = lim sup k n! k n h 0 (X, kL). Indeed, the above conjecture holds true for holomorphic line bundles (ref. [Dem85] or [Dem91] ).
In their paper [BDPP13] , the authors observed that in the above conjecture 1.1, (i) implies (ii). Thus we will call part (ii) weak transcendental holomorphic Morse inequalities. Indeed, [BDPP13] proved the following theorem.
holds for every Kähler metric ω and every ample line bundle A on X, where C 1 (A) is the first Chern class of A. In particular, if
then {ω} − C 1 (A) is a big class.
In this paper, we can improve the second part of theorem 1.1 and get rid the projective condition. Theorem 1.2. Let X be a compact complex manifold with dimX = n such that if n > 3, then X admits a hermitian metric ω such that ∂∂ω k = 0 for all k ∈ {1, 2, · · · , n − 1}, or if n ≤ 3, then X admits a hermitian metric ω such that ∂∂ω = 0. Assume {α}, {β} are two nef classes on X satisfying
then {α − β} is a big class, i.e., there exists a Kähler current T in {α − β}.
Thus, our result improve theorem 1.1 for n large enough. Moreover, if X is any compact Kähler manifold and {α}, {β} are two nef classes on X satisfying {α} n − 4n{α} n−1 · {β} > 0, then {α − β} is a big class. Now let X be a compact complex manifold in the Fujiki class C, then there exists a proper modification µ : X → X such that X is Kähler. This yields the following corollary without any metric restrictions. Corollary 1.1. Let X be a compact complex manifold in the Fujiki class C with dimX = n. Assume {α}, {β} are any two nef classes on X satisfying
then {α − β} is a big class.
Remark 1.1. For any n-dimensional compact complex manifold X, Gauduchon's result [Gau77] tells us there always exists metric ω such that
And this kind of metrics are called Gauduchon metrics. In particular, if n = 2, there always exists metric ω such that ∂∂ω = 0. Thus our theorem holds on any compact complex surfaces.
Remark 1.2. Indeed, I. Choise in [Cho13] have proved that for any compact complex manifold X admitting a nef class with positive top self-intersection and some special hermitian metric ω with ∂∂ω k = 0 for every k, then X must be Kählerian. However, in our proof, we don't need this fact.
Naturally, for general k, we can ask whether part (ii) of conjecture 1.1 characterize the positivity of cohomology classes of type (k, k), that is, we have the following generalized conjecture. Conjecture 1.2. Let X be an n-dimensional compact complex manifold. Let {α} and {β} be two nef cohomology classes of type (1, 1) on X satisfying the inequality
where
We can prove the first part of conjecture 1.2 if we replace C k n by 4C k n . For simplicity, we assume X is a compact complex manifold in the Fujiki class C. Theorem 1.3. Let X be an n-dimensional compact complex manifold in the Fujiki class C. Let {α} and {β} be two nef cohomology classes of type (1, 1) on X satisfying the inequality
The proof of our theorem is inspired by I. Choise in [Cho13] . In section 3 of [Cho13] , I. Choise cleverly applied an useful lemma of Lamari [Lam99] of characterization of positive currents and the idea in [DP04] to simplify the proof of a main theorem of Demailly and Paun in [DP04] . However, just as I. Choise said, the proof of [Cho13] is not independent of the proof of Demailly and Paun. [Cho13] replaced the explicit and involved construction of the metrics ω ε in [DP04] by the abstract sequence of Gauduchon metrics given by the Hahn-Banach theorem, via Lamari [Lam99] . We find I. Choise's method is useful to prove positivity of the difference of cohomology classes, at least in our case. Indeed, in addition to some pluripotential estimates, our proof almost follows the argument of [Cho13] . However, our results seems unreachable by the mass concentration method, so we give their proof here. In section 2, we present some preliminary results. Then in section 3, we prove our main results. Finally, for reader's convenience, we present the proof of Lamari's lemma in the appendix.
Preliminaries
Let X be an n-dimensional compact complex manifold, for every real (1, 1)-form α, we have the following space consisting of all α-PSH functions:
where u.s.c(X) is the space of upper semi-continuous functions taking values in [−∞, ∞), and α + i∂∂u is positive in the sense of currents. We have the following uniform L 1 bound for α-PSH functions.
Lemma 2.1. Let X be an n-dimensional compact complex manifold with a hermitian metric ω and let α be a real (1, 1)-form, then there exists an positive constant C such that
Proof. Since X is compact and α is smooth, there exists a constant B such that Bω > α, then Bω + i∂∂u ≥ 0 for u ∈ P SH(X, α). Then the above result follows from proposition 2.1 in [DK09] .
In order to apply the method of [DP04] on a general compact complex manifold which is a priori may be non-Kähler, we need V. Tosatti and B. Weinkove's result [TW10] of the solvability of complex Monge-Ampere equation on hermitian manifolds. Lemma 2.2. For any smooth real-valued function F on X, there exist a unique real number C > 0 and a unique smooth real-valued function ϕ on X solving (ω + i∂∂ϕ) n = Ce F ω n , with ω + i∂∂ϕ > 0 and sup X ϕ = 0.
Finally, we state Lamari's lemma [Lam99] on the characterization of positive currents. In [Lam99] 
The main results
Now we can prove our main result theorem 1.2.
Theorem 3.1. Let X be a compact complex manifold with dimX = n such that if n > 3, then X admits a hermitian metric ω such that ∂∂ω k = 0 for all k ∈ {1, 2, · · · , n − 1}, or if n ≤ 3, then X admits a hermitian metric ω such that ∂∂ω = 0. Assume {α}, {β} are two nef classes on X satisfying {α} n − 4n{α} n−1 · {β} > 0, then {α − β} is a big class, i.e., there exists a Kähler current T in {α − β}.
Proof. Firstly, fix a hermitian metric ω. Since {α}, {β} are nef classes, for any ε > 0, there exists smooth functions ϕ ε , ψ ε such that α ε := α + εω + i∂∂ϕ ε > 0 and β ε := β + εω + i∂∂ψ ε > 0. There is no doubts we can always assume supϕ ε = supψ ε = 0. And we have {α − β} = {α ε − β ε }, thus {α − β} is a big class if and only if there exists a positive constant δ > 0 and a (α ε − β ε )-PSH function θ δ , such that
Now let's fisrt fix ε. Then lemma 2.3 implies (1) is equivalent to
for any strictly positive ∂∂-closed (n − 1, n − 1)-form G, i.e., G is (n − 1)-th power of a Gauduchon metric. Then ∂∂G = 0 yields (2) is equivalent to
Thus, the class {α − β} = {α ε − β ε } is not big is equivalent to for any δ m ց 0, there exists a Gauduchon metric G m,ε such that
Without loss of generality, we can assume X β ε ∧ G m,ε = 1.
In the following, we will prove our theorem in two cases. Case 1: n > 3 and X admits a metric ω such that ∂∂ω k = 0 for all k ∈ {1, 2, · · · , n − 1}. By the Calabi-Yau theorem on hermitian manifold of lemma 2.2, we can solve the following Monge-Ampere equation
with α ε = α ε + i∂∂u ε , sup X (ϕ ε + u ε ) = 0 and c ε = X (α ε + i∂∂u ε ) n . Then ∂∂ω k = 0 for all k ∈ {1, 2, · · · , n − 1} implies
Then we define E γ := {x ∈ X| αε n−1 ∧βε Gm,ε∧βε (x) > γM ε } for some γ > 1. The condition γ > 1 implies E γ is a proper open subset in X, since
On the closed subset X\E γ , definition of E γ tell us that
For any fixed point p ∈ X\E γ , chose a holomorphic coordinates such that
and (7) is
The above two inequalities (8), (9) yield
Since p ∈ X\E γ is arbitrary, we get
Take γ = 2, we get
On the other hand, (4) implies
Fix a small ε to be determined, since X β ε ∧ G m,ε = 1, by compactness of {G m,ε }, there exists a convergent subsequence which we also denote it by {G m,ε } with lim
where G ∞,ε is a ∂∂-closed positive current with
Now our assumption
Then after taking the limit of m in (15) and (16), (17) implies
and observe that c ε , M ε depend continuously on ε, we get a contradiction. Thus the assumption that {α − β} is not a big class is not true. In other words, {α} n − 4n{α} n−1 · {β} > 0 implies {α − β} is big.
Case 2: n ≤ 3 and X admits a metric ω such that ∂∂ω = 0. From the argument for the case 1, we know that a key ingredient is the dependence of c ε , M ε on ε. At this step, the uniform L 1 bound of quasi-PSH functions in lemma 2.1 come into its role. For c large enough, we have ψ ε , ϕ ε + u ε are all cω-PSH and supψ ε = sup(ϕ ε + u ε ) = 0. If we denote ϕ ε + u ε by η ε , we have
for a uniform constant C. First, assume n = 3, then
By a use of (18) and ∂∂ω = 0, it's easy to see that
So by the above calculation, we get M ε = X α 2 ∧ β + O(ε) which is positive. Similarly, by the definition of c ε , we have
Then by the same argument in case 1, we prove our theorem in case 2. Thus we finish the proof of theorem 3.1
After proving theorem 3.1, the corollary 1.1 follows easily.
Corollary 3.1. Let X be a compact complex manifold in the Fujiki class C with dimX = n. Assume {α}, {β} are any two nef classes on X satisfying {α} n − 4n{α} n−1 · {β} > 0, then {α − β} is a big class.
Proof. Since X is in the Fujiki class C, there exists a proper modification µ : X → X such that X is Kähler. Pull back α, β to X, the class µ * α, µ * β are still nef classes on X and {µ * α} n − 4n{µ * α} n−1 · {µ * β} > 0. Thus the Kählerness of X implies there exists a Kähler current
Then T := µ * T is our desired Kähler current in {α − β}, that is, {α − β} is a big class.
In the last part of this section, we prove a result analogous to therem 3.1 for classes of type (k, k).
Theorem 3.2. Let X be an n-dimensional compact complex manifold in the Fujiki class C. Let {α} and {β} be two nef cohomology classes of type (1, 1) on X satisfying the inequality
Proof. It's easy to see that by a proper modification, we can reduce to the situation where X is an n-dimensional compact Kähler manifold and α, β are two Kähler metrics. Then by using lemma 2.3 for general k, the class {α k − β k } contains a strictly positive (k, k)-current is equivalent to there exists a positive constant δ such that
for all strictly positive ∂∂-closed (n − k, n − k)-forms G. Thus the class {α k − β k } is not big is equivalent to for any δ m small and decrease to zero, there exists G m such that
and
Just as the argument in the proof of theorem 3.1, we solve the following Monge-Ampere equation
where sup X u = 0 and C = X α n . Then we define M = X α n−k u ∧ β k = X α n−k ∧ β k which is a positive constant, and we denote E γ as the following set
Then on X\E γ , we have
Then it follows that
By combining 19, 20, 23 and let m tends to infinity, we get a contradiction with our assumption {α} n − 4C k n {α} n−k · {β} k > 0. Thus {α} n − 4C k n {α} n−k · {β} k > 0 implies the strictly positivity of the class {α k − β k }.
Appendix: Lamari's lemma
In this section, for reader's convenience, we include the proof of lemma 2.3 due to [Lam99] . The proof is an application of Hahn-Banach theorem.
Lemma 4.1. Let X be an n-dimensional compact complex manifold and let Φ be a real (k, k)-form, then there exists a real (k − 1, k − 1)-current Ψ such that Φ + i∂∂Ψ is positive if and only if for any strictly positive ∂∂-closed (n − k, n − k)-forms Υ, we have X Φ ∧ Υ ≥ 0. If there exists a Υ 0 ∈ C 1 such that Φ(Υ 0 ) = 0. Then we consider the affine function f (t) = Φ(tα + (1 − t)Υ 0 ), where α ∈ E is fixed. The function f (t) satisfies f (0) = 0, moreover, since Υ 0 ∈ C 1 is strictly positive, thus for ε small, f (±ε) ≥ 0 by the assumption. This implies f (t) ≡ 0, in particular, f (1) = Φ(α) = 0. By the arbitrary of α ∈ E, we get Φ| E = 0, thus Φ = i∂∂Ψ for some current Ψ. So in this case, we have Φ + i∂∂(−Ψ) = 0.
Otherwise, Φ| C 1 > 0. Φ can be seen as a linear functional on D n−k,n−k R , thus we can define its kernel kerΦ, it's a linear subspace. We denote F = E ∩ kerΦ, then F ∩ C 2 = ∅. The Hahn-Banach theorem yields there exists a real (k, k)-current T such that T | F = 0 and T | C 2 > 0. Take Υ ∈ C 1 , then Φ(Υ), T (Υ) are both positive. So there exists a positive constant λ such that (Φ − λT )(Υ) = 0. Observe that F is codimension one in E and Υ ∈ E\F , thus Φ − λT is identically zero on E. This fact yields there exists a current Ψ such that Φ + i∂∂Ψ = λT ≥ 0.
